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Traditional quantum hydrodynamics of Bose-Einstein condensates (BECs) is restricted by the
continuity and Euler equations. It corresponds to the well-known Gross-Pitaevskii equation. How-
ever, the quantum Bohm potential, which is a part of the momentum flux, has a nontrivial part with
can evolve under the quantum fluctuations. To cover this phenomenon in terms of hydrodynamic
methods we need to derive equations for the second rank tensor (the momentum flux), and the
third rank tensor. In atomic BECs the interaction is the snort-range interaction. In all equations
we consider the main contribution of the short-range interaction which appears in the first order by
the interaction radius. Derived hydrodynamics consists of four hydrodynamic equations. However,
two equations contain interaction. The Euler equation contains interaction in the Gross-Pitaevskii
approximation. The third moment evolution equation contains interaction leading to the quan-
tum fluctuations. It is proportional to new interaction constant. The Gross-Pitaevskii interaction
constant is the integral of potential, but the second interaction constant is the integral of second
derivative of potential. If we have dipolar BECs we deal with a long-range interaction. Its contribu-
tion is proportional to the potential of dipole-dipole interaction (DDI) in the mean field regime. The
Euler equation contains the derivative of the potential. The third rank tensor evolution equation
contains the third derivative of the potential which is also proportional to the square of the Plank
constant. It is responsible for the dipolar part of quantum fluctuations. Higher derivatives corre-
spond to the small scale contributions of the DDI. The quantum fluctuations lead to existence of the
second wave solution. Moreover, the quantum fluctuations introduce the instability of the BECs. If
the dipole-dipole interaction is attractive, but being smaller then the repulsive SRI presented by the
first interaction constant, there is the long-wavelength instability. This scenario can be realized for
dysprosium at a = 70aB , where aB is the Borh radius. For the repulsive DDI these is more complex
picture. There is the small area with the long-wavelength instability which transits into stability
interval, where two waves exist. And there is the short-wavelength instability, which is stronger
then the long-wavelength instability. These results are found for the DDI strength comparable with
the Gross-Pitaevskii short-range interaction, while the dimensionless second interaction constant is
10÷ 100 times smaller then the Gross-Pitaevskii interaction constant.
PACS numbers: 03.75.Hh, 03.75.Kk, 67.85.Pq
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Hydrodynamics is a method of description of classic
and quantum phenomena. Mostly, it is applied to collec-
tive phenomena, but it can be applied to the single quan-
tum particle [1], [2], [3], [4]. Different forms of the force
fields distinguish the hydrodynamics of different phys-
ical systems. The Navier-Stokes momentum equation
describes the water flows and classic liquids and classic
gases and some atmospheric phenomena [5]. Hydrody-
namics with the Euler equation containing the Lorentz
force describes the waves, instabilities and other collec-
tive phenomena in plasmas [6], [7]. The quantum Bohm
potential and spin-effects give an extension of hydrody-
namics suitable for the quantum plasmas [8], [9], [10],
[11]. The Gross-Pitaevskii equation for the Bose-Einstein
condensate (BEC) of neutral atoms can be presented as
the set of two hydrodynamic equations [12], [13]. Spinor
BECs can be also modeled by corresponding hydrody-
namics [14], [15], [16].
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The described examples are based on different hydro-
dynamics, which have same feature. They are the com-
position of two equations: the continuity equation and
the Euler equation. The spin introduces additional equa-
tions, but our conclusion is about spinless part of dynam-
ics.
There are examples of extended hydrodynamics, as an
example mention the classic plasmas [17], where higher
moments of the distribution function are adopted, includ-
ing the second order tensor evolution.
However, if we want to capture the quantum fluctu-
ations in BECs purely from hydrodynamics we need to
derive two additional hydrodynamic equations. They are
the pressure pαβ evolution equation, which is the second
rank tensor existing in the Euler equation, and the third
rank tensor Qαβγ evolution equation.
The BECs is the collection of bosons being in the low-
est energy level. Hence, we expect that the pressure pαβ
and the third rank tensor Qαβγ are equal to zero since
their definitions explicitly refer to the presence of par-
ticles in excited states. However, these tensors have a
source in the quantum theory. It is located in equation for
2tensor Qαβγ which proportional to square of the Planck
constant h¯2 and the interaction potential g2 ∼
∫
drU ′′(r)
(for the short-range interaction). Corresponding model is
presented in this paper for the dipolar BECs. Therefore,
it covers specifics related to the short-range interaction
and the long-range interaction presented by the interac-
tion of dipoles.
Interest of researchers to the dipolar BEC [18], [19],
[20] started few years after experimental realization of
BECs in vapors of alkaline atoms. The experimental re-
alization of dipolar BECs happened in 2005 in chromium
atoms [21], [22]. In 2016 experiments show that dipolar
BECs of rare-earth elements demonstrates the quantum
droplets formation [23], [24]. It is related to the large
scale instability of dipolar BEC, which is stabilized at
smaller scales.
Quantum droplets formation in the dipolar BECs
demonstrates crucial role of the quantum fluctuations
[25], [26], [27], [28], [29]. Traditionally the condensate
depletion is studied in terms of Bogoliubov-de Gennes
theory [30], [31], [32], where the depletion is presented
via the Gross-Pitaevskii interaction constant. The de-
pletion is found in literature, as a correction to the GP
equation and the corresponding Euler equation [24], [25],
[27], while in our analysis is comes via additional hy-
drodynamic equations. Hence, the structure of Gross-
Pitaevskii equation includes the fourth order nonlinear-
ity. The Bogoliubov-de Gennes theory of the BEC de-
pletion is generalized in 2012 to include the dipole-dipole
interaction [31].
Essential role of the quantum fluctuations in descrip-
tion of the quantum droplets formation is an essential
part of motivation for this work. However, obtained
results give more general picture of hydrodynamics of
sound waves.
General classic analysis of hydrodynamic models shows
that accurate description of the velocities of acoustic
waves requires the account of the pressure evolution equa-
tion [33], [34], where the acoustic waves are waves with
linear spectrum ω2 = k2v2s , with ω is the frequency of
wave, k is the wave vector, vs is the speed of sound.
Classical evolution of higher rank tensors leads to terms
proportional to higher degrees of the wave vector k.
It is obtained that there are quantum sources in equa-
tions for the higher rank tensors, like the quantum fluc-
tuations for BECs, which gives contribution in the sound
velocity.
Start our analysis with the microscopic Hamiltonian
and present found extended set of hydrodynamic equa-
tions. We use the many-particle quantum hydrodynam-
ics method, where evolution of functions describing the
collective dynamics is found from the microscopic many-
particle Schrodinger equation ıh¯∂tΨ(R, t) = HˆΨ(R, t) in
the coordinate representation, whereR is the collection of
3N coordinates of N particles. Hence, collective motion
is governed by the exact microscopic dynamics. Dipolar
BECs with the short-range interaction between atoms is
modeled by the following Hamiltonian
Hˆ =
N∑
i=1
(
pˆ
2
i
2mi
+ Vext(ri, t)
)
+
1
2
∑
i,j 6=i
Uij +
1
2
∑
i,j 6=i
Udij ,
(1)
where mi is the mass of i-th particle, pˆi = −ıh¯∇i is
the momentum of i-th particle. The short-range part of
boson-boson interaction is presented via potential Uij =
USR(ri − rj). The last term describes the long-range
dipole-dipole interaction (DDI) of align dipoles [35] Udij =
µ2
1−3r2z,ij/r
2
ij
r3
ij
. It is assumed that all dipoles are aligned
parallel to the z-direction.
Definitely, Hamiltonian (1) does not contain informa-
tion about kinds of particles (bosons or fermions). It does
not include information about distribution of particles on
quantum states. However, its application to the bosons
and specification of temperature (which is a measure of
the distribution on quantum states) at the macroscopic
stage of description lead to the equations for BECs dy-
namics.
Transition to description of the collective motion of
bosons is made via introduction of the concentration [36],
[37], [38], [39]:
n =
∫
dR
N∑
i=1
δ(r− ri)Ψ
∗(R, t)Ψ(R, t), (2)
which is the first collective variable in our model. Other
collective variables appear during the derivation. Equa-
tion (2) contains the following notations dR =
∏N
i=1 dri
is the element of volume in 3N dimensional configura-
tional space, with N is the number of bosons.
The derivation shows that concentration (2) obeys the
continuity equation
∂tn+∇ · (nv) = 0. (3)
The velocity field v presented in the continuity equa-
tion obeys the Euler equation, which has the following
form for bosons in the BEC state
mn∂tv
α +mn(v · ∇)vα + ∂βT
αβ
+ n∂αVext = −gn∂
αn− n∂αΦd. (4)
The Euler equation contains the short-range interaction
(the first term on the right-hand side), and the dipole-
dipole interaction (the last term on the right-hand side)
in accordance with the Hamiltonian (1). The short-range
interaction (SRI) contribution is obtained in the first or-
der by the interaction radius. Therefore, The Euler equa-
tion contains the following interaction constant
g =
∫
drU(r), (5)
3which is traditionally presented in the Gross-Pitaevskii
equation [12]. The dipole-dipole interaction is presented
via the macroscopic potential of dipole-dipole interaction
Φd = µ
2
∫
dr′
1
|r− r′|3
(
1− 3
(z − z′)2
|r− r′|2
)
n(r′, t), (6)
since we consider it in the mean-field approximation due
to its long-range nature.
The second and third terms on the right-hand side of
equation (4) appear as the different parts of the momen-
tum flux Παβ . Equations (3) and (4) contain no explicit
contribution of the quantum fluctuations. If we need to
find the contribution of additional effects, like the quan-
tum fluctuations, in the hydrodynamic model, we should
extend set of hydrodynamic equations. Therefore, we de-
rive equations for the momentum flux second rank tensor
evolution and the the third rank tensor evolution.
The left-hand side of the Euler equation contains the
tensor associated with the quantum Bohm potential Tαβ.
It can be splitted on two parts Tαβ = Tαβ0 + T
αβ
qf . The
noninteracting part of the quantum Bohm potential is
given by equation
Tαβ0 = −
h¯2
4m2
[
∂α∂βn−
∂αn · ∂βn
n
]
. (7)
It corresponds to the Gross-Pitaevskii equation.
Analysis of further equations in the chain of hydro-
dynamic equations shows that Tαβqf has nonzero value.
Subindexes ”qf” refers to the quantum fluctuations in
BEC. As it is shown below, the equation for the third
rank tensor evolution Qαβγqf has a contribution both the
short-range interaction and the DDI, where the interac-
tion terms are also proportional to h¯2. It provides an ad-
ditional contribution to Bohm potential Tαβqf . Functions
Tαβqf and Q
αβγ
qf should be equal to zero at zero tempera-
tures (if there is no particles in the excited states). How-
ever, the quantum terms caused by interaction leads to
their nonzero value, so some particles occupy the excited
states, we associate this contribution with the quantum
fluctuations [30], [31]. This phenomenon is well-known
in physics of quantum gases. However, for the first time
it is derived in terms of hydrodynamics model straight
from microscopic quantum motion.
Equation for the nontrivial part of the momentum flux
tensor Παβ , which is the part of the quantum Bohm po-
tential caused by the quantum fluctuations, appears with
no contribution of interaction:
∂tT
αβ
qf +∂γ(v
γTαβqf )+T
αγ
qf ∂γv
β+T βγqf ∂γv
α+∂γQ
αβγ
qf = 0.
(8)
Purely quantum terms like Tαβ0 cancel each other in equa-
tion (8). It can be expected that Qαβγqf is equal to zero,
but equation for its evolution shows that it is not equal
to zero even for the BECs.
Equation for the evolution of quantum-thermal part of
the third rank tensor is:
∂tQ
αβγ
qf +∂δ(v
δQαβγqf )+Q
αγδ
qf ∂δv
β+Qβγδqf ∂δv
α+Qαβδqf ∂δv
γ
+∂δP
αβγδ
qf =
h¯2
4m3
n
(
g2I
αβγδ
0 ∂
δn+ ∂α∂β∂γΦd
)
+
1
mn
(Tαβqf ∂
δT γδqf + T
αγ
qf ∂
δT βδqf + T
βγ
qf ∂
δTαδqf ), (9)
where
Iαβγδ0 = δ
αβδγδ + δαγδβδ + δαδδβγ . (10)
Equation (9) is the reduction of the third rank tensor
evolution equation for the BECs. Equation (9) contains
the second interaction constant for the short-range inter-
action
g2 =
2
3
∫
drU ′′(r). (11)
This interaction constant is proportional to the zeroth
order moment of the second derivative of the potential
of the short-range interaction, while the first interaction
constant is the zeroth order moment of the potential of
the short-range interaction. The second interaction con-
stant appears in the first order by the interaction radius
like the interaction in the Gross-Pitaevskii, but for the
evolution of physical function of higher tensor rank.
For truncation of obtained set of equations we assume
that Pαβγδqf = 0.
The developed model contains the unknown parame-
ter g2. This is a parameter independent from interaction
constant g. It would be methodologically incorrect to
give an estimation of g2 via g. Moreover, the second
interaction constant g2 is not related to interaction con-
stants introduced in Refs. [36], [37], [38], [39], [40], [41],
where the additional constants appear in the Euler equa-
tion at more detailed description of the force field in the
third order by the interaction radius gT ∼
∫
drr2U(r).
Some arbitrary values of interaction constant g2 are used
below for estimation of its contribution in the spectrum.
It can be useful to mention that the account of the
short-range interaction in the Euler equation constant
leads to additional interaction constant, which is the sec-
ond order moment of the potential of the short-range
interaction [38]. Hence, extension of the BEC models
beyond the Gross-Pitaevskii approximation gives addi-
tional characteristics of potential which can be measured
so the potential can be found with some accuracy.
Obtained structure of hydrodynamic equations is cor-
rect for the fermions as well. However, the first-order
by the interaction radius is equal to zero. However,
terms proportional to g2 should appear in the next or-
ders. Moreover, the form of dipole-dipole interaction is
the same for fermions.
Appearance of the interaction constants (5) and (11) is
not related to the scattering problem or the application of
Bohm approximation. They are direct consequence of the
small radius nature of the interaction given by potential
U(r). They appear before we make any judgement about
strength of interaction, while explicit form of interaction
4terms proportional to derivative of concentration square
∇n2 are consequences of the weak interaction limit.
Calculate spectrum of bulk collective excitations. It
appears as the generalization of the well-known Bogoli-
ubov spectrum, where the generalization is caused by the
quantum fluctuations. Consider small amplitude pertur-
bations of the equilibrium state while the equilibrium
state is described by the constant nonzero concentration
n0b, zero value velocity v0b = 0, and the zero value quan-
tum Bohm tensor Tαβ0 = 0. Small perturbation of each
function is considered as plane waves propagating par-
allel to the x-direction, for instance for concentration
δn = Ne−ıωt+ıkxx+ıkzz, where N is the amplitude of per-
turbation.
First, we stress our attention on the quantum fluctu-
ations caused by the short-range interaction. Consider
BECs of vapors of alkaline atoms, where the dipole mo-
ments gives no noticeable contribution. Change the inter-
action constant to zero value by the Feshbach resonance
g = 0 and drop the contribution of the noninteracting
part of the quantum Bohm potential Tαβ0 . Equation (9)
simplifies to
∂tδQ
αβγ =
h¯2
4m3
g2I
αβγδ
0 n0∂
δδn. (12)
The Euler equation (4) has zero right-hand side in this
limit. Therefore, the spectrum of bulk excitation shows
linear dependence of the frequency on the wave vector
ω2 =
√
3(−g2)n0h¯
2m2
k2. (13)
The second interaction constant g2 defines the speed of
sound. Moreover, it should be negative to get a stable
solution.
However, for repulsive interaction U > 0, we normally
have U ′′ > 0. It gives positive second interaction con-
stant. Hence, equation (13) shows an instability.
Next, we present the dispersion equation in general
regime.
ω4 −
[
n0
m
(
g + µ2(cos2 θ − 1/3)
)
k2 +
h¯2k4
4m2
]
ω2
−
h¯2k4n0
m3
(
µ2k2(cos2 θ − 1/3)− 3g2
)
= 0, (14)
where k2 = k2x + k
2
z .
First two terms in equation (14) are the source of the
traditional Bogoliubov spectrum of dipolar BECs. The
last term presents the quantum fluctuations.
Equation (14) has two solutions. One solution is the
generalization Bogoliubov spectrum. The second solu-
tion is novel solution which exists if the last term in
equation (14) is positive.
In the second term, the repulsive SRI combines with
the repulsive DDI to increase the coefficient. However,
FIG. 1: Real and imaginary parts of frequency in the regime of
attractive DDI. Dotted curve shows the spectrum at the zero
dipole moment and the zero quantum fluctuations. Thin con-
tinuous curve gives spectrum of dipolar BEC at the zero quan-
tum fluctuations. Thick continuous curve and thick dashed
curve show the spectrum of dipolar BEC under influence of
the quantum fluctuations.
FIG. 2: Real and imaginary parts of frequency in the regime of
repulsive DDI, where the dipolar quantum fluctuations dom-
inate over the quantum fluctuations caused by the SRI. The
curves description is the same as in Fig. 1.
the last term demonstrates different relation between the
SRI and the DDI. There is the competition of these in-
teractions if both interactions are repulsive interactions.
Reason for such difference is in the following. The SRI
is proportional to the first derivative of concentration in
both equations containing the SRI. It is the Euler equa-
tion and the equation for evolution of the third rank ten-
sor Qαβγqf . The DDI shows different picture since it is
the long-range interaction. The DDI is always propor-
tional to the macroscopic potential (6). However, the Eu-
ler equation contains the first derivative of the potential,
while the third rank tensor evolution equation includes
the third derivative of the potential. At the transition
to the plane waves two additional derivatives gives mi-
nus. In the SRI term extra derivatives are hidden is the
second interaction constant.
Strong role of quantum fluctuations is demonstrated
5FIG. 3: Real and imaginary parts of frequency in the regime
of repulsive DDI for the stronger part of quantum fluctua-
tions caused by the SRI, in compare with Fig. 2. The curves
description is the same as in Fig. 1.
in 164Dy BEC, where the quantum fluctuations cause the
quantum droplets formation [23]. Atoms of 164Dy have
relatively large magnetic moment µ = 10µB, with µB is
the Bohr magneton. SRI in this is characterized by the
following value of the scattering length a = 70aB, with
aB is the Bohr radius, and g = 4pih¯
2a/m.
We study the spectrum and mechanisms for instabili-
ties for the uniform dipolar BEC. The equilibrium con-
centration is chosen to be n0 = 10
14 cm−3, which cor-
responds to the average concentrations of the trapped
BECs in existing experiments. Numerical analysis of
spectra is made in terms of the dimensionless parameters
for the wave vector κ = k/n
1/3
0 , frequency ξ = mω/h¯n
2/3
0 ,
dipole-dipole interaction strength D = mµ2n
1/3
0 /h¯
2, and
the short-range interaction constants g = Gh¯2/mn
1/3
0 ,
g2 = G2h¯
2n
1/3
0 /m. The first interaction constant can be
represented via the scattering length G = 4pian
1/3
0 . We
have the following values for the 164Dy BEC: G = 0.22
for a = 70aB, D = 0.09 for add = 131aB corresponding
to µ = 10µB, since add ≡ mµ
2/3h¯2, and D = 3addn
1/3
0 .
Unstable regimes given by equation (14) are demon-
strated in Figs. 1, 2, 3.
The well-known instability causing collapse can appear
if we have large DDI in the attractive regime. However,
we have G = 0.22, D = 0.09, and D(cos2 θ−1/3) |θ=pi/3=
−0.0075≪ G. Hence, the Bogoliubov spectrum is stable.
There is no large competition between G and D in the
traditional spectrum for used parameters.
Another example of competition in presented by the
last term in equation (14) which is caused by the quan-
tum fluctuations.
The stability of the spectrum depends on the sign of
the determinant ∆ of dispersion equation (14). If the last
term in equation (14) is negative it makes the determi-
nant ∆ positive. However, the square of frequency for
the second solution of equation (14) is negative in this
case (the first solution is associated with the Bogoliubov
spectrum). It gives condition for the instability demon-
strated in Fig. 1 and the small wave vector area of Fig.
3.
If the last term in equation (14) is positive we can have
positive square of frequency for the second solution, but
determinant ∆ can become negative for the large quan-
tum fluctuations presented by the last term in equation
(14). Therefore, there is the mechanism for the instabil-
ity.
The dipolar part of quantum fluctuations is not a con-
stant, but it suppressed by the small dimensionless wave
vectors κ < 1. However, we expect that G2 ≪ G. Hence,
the dipolar contribution can overcome G2 at κ < 1. For
repulsive interaction we have G2 > 0. It means that the
attractive DDI increases the contribution of the SRI. We
have competition of two terms if the DDI is repulsive. For
instance, if D = 0.09, θ = pi/6, (cos2 θ−1/3) = 5/12, and
G2 = 0.01. Hence, the critical wave vector is κ = 0.89
(see corresponding point in Fig. 3).
To conclude we mention that the extended hydrody-
namic model of dipolar BECs has been developed to give
a purely hydrodynamic description of quantum fluctua-
tions. It has been found that the short-range interaction
proportional to the zeroth moment of the second deriva-
tives of the interaction potential and the third derivative
of the macroscopic potential of dipole-dipole interaction
are responsible for the quantum fluctuation appearance.
These terms are also proportional to the square of the
Planck constant. These terms are presented in the third
rank tensor evolution equation, while the second rank
tensor (superposition of the pressure and the quantum
Bohm potential) evolution equation has no contribution
of interaction. Therefore, found extended hydrodynam-
ics consists of four equations for material fields of differ-
ent tensor ranks: the continuity equation for the concen-
tration, the Euler equation for the velocity vector field,
the pressure second rank tensor evolution equation (the
quantum pressure or the quantum Bohm potential caused
by the quantum fluctuations) and the evolution equation
for the third rank tensor.
The quantum fluctuations cause the depletion of BEC,
so some excited states are occupied. The contribution of
excited states has been mainly modeled by the nontrivial
part of the quantum Bohm potential and the third rank
tensor. Developed model has been applied to study the
bulk excitations in the uniform BECs. Hance, a general-
ization of the Bogoliubov spectrum has been obtained.
It has been obtained that the quantum fluctuations can
cause the long-wavelength instability. Moreover, in the
stability regime there are two wave solutions, where the
second wave is caused by the quantum fluctuations. The
second wave can go unstable at the small wavelengths.
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7I. SUPLEMENTERLY MATERIALS
A. Definitions of basic hydrodynamic variables
After derivation of the continuity equation (3) for con-
centration (2) from the Schrodinger equation with Hamil-
tonian (1), the current appears as the following integral
of the wave function
v =
j
n
=
1
n
∫
dR
N∑
i=1
δ(r− ri)×
×
1
2mi
(Ψ∗(R, t)pˆiΨ(R, t) + c.c.), (15)
with c.c. is the complex conjugation.
Definition of current (15) allows to derive the Euler
equation for the current (momentum density) evolution
∂tj
α + ∂βΠ
αβ = −
1
m
n∂αVext +
1
m
Fαint, (16)
where
Παβ =
∫
dR
N∑
i=1
δ(r− ri)
1
4m2
[Ψ∗(R, t)pˆαi pˆ
β
i Ψ(R, t)
+ pˆα∗i Ψ
∗(R, t)pˆβi Ψ(R, t) + c.c.] (17)
is the momentum flux, and
Fαint = −
∫
(∂αU(r− r′))n2(r, r
′, t)dr′, (18)
with the two-particle concentration
n2(r, r
′, t)
=
∫
dR
N∑
i,j=1,j 6=i
δ(r−ri)δ(r
′−rj)Ψ
∗(R, t)Ψ(R, t). (19)
It gives the general structure of the Euler equation and
the definition of the momentum flux.
B. General structure of equation for the second
order tensor
Extending the set of hydrodynamic equations we can
derive the equation for the momentum flux evolution.
Consider the time evolution of the momentum flux (17)
using the Schrodinger equation with Hamiltonian (1) and
derive the momentum flux evolution equation
∂tΠ
αβ + ∂γM
αβγ = −
1
m
jβ∂αVext
−
1
m
jα∂βVext +
1
m
(Fαβ + F βα), (20)
where Παβ = Παβn +Π
αβ
b ,
Fαβ = −
∫
[∂αU(r− r′)]jβ2 (r, r
′, t)dr′, (21)
Mαβγ =
∫
dR
N∑
i=1
δ(r− ri)
1
8m3i
[
Ψ∗(R, t)pˆαi pˆ
β
i pˆ
γ
iΨ(R, t)
+pˆα∗i Ψ
∗(R, t)pˆβi pˆ
γ
i Ψ(R, t) + pˆ
α∗
i pˆ
γ∗
i Ψ
∗(R, t)pˆβi Ψ(R, t)
+ pˆγ∗i Ψ
∗(R, t)pˆαi pˆ
β
i Ψ(R, t) + c.c.
]
, (22)
and
j2(r, r
′, t) =
∫
dR
∑
i,j 6=i
δ(r− ri)δ(r
′ − rj)×
×
1
2mi
(Ψ∗(R, t)pˆiΨ(R, t) + c.c.). (23)
If quantum correlations are dropped function jα2 (r, r
′, t)
splits on product of the current jα(r, t) and the concen-
tration n(r′, t). Tensor Mαβγ (22) is the flux of the mo-
mentum flux. Interaction in the momentum flux evolu-
tion equation (20) is presented by symmetrized combi-
nations of tensors Fαβ , which is the flux or current of
force.
The pressure is the average of the square of the thermal
velocity, when tensor Qαβγ is the average of the product
of three projections of the thermal velocity. For the BEC
we have pαβB = 0, and Q
αβγ
B = 0. Function Q
αβγ
qf ≡ L
αβγ
B
is the thermal-quantum term, where both contributions
are intertwine together (the general structure of Lαβγ is
introduced in Ref. [36]). The notion ”thermal” refers
to the presence of particles in the excited states, while
nature of the excitation can be arbitrary. In our case,
the reason of excitation is the interaction existing in third
rank tensor evolution equation.
The equation for evolution of the third rank tensor is
derived for Mαβγ (22). It contains some contribution of
the interaction, similarly to the right-hand side of equa-
tion (20). The structure of equation changes after the
introduction of the velocity field v (compare for instance
equations (8) and (20)). The contribution of interaction
partially cancels via the time derivatives of the velocity
field given by the Euler equation (4).
Methods of calculation of the terms containing the
short-range interaction are presented in Refs. [36], [37],
[38]. Refs. [36], [37] are focused on ultracold fermions,
but methodology is the same.
8FIG. 4: Normalized potential of the short-range interaction is
plotted to show that it second derivative is positive U ′′ > 0.
FIG. 5: Regime of the small quantum fluctuations related to
the SRI is presented for the attractive DDI. Regime of quan-
tum fluctuations caused purely by dipoles (limit of g2 = 0)
is included by the lower continuous red curve. Dotted curve
shows the spectrum at the zero dipole moment and the zero
quantum fluctuations. Thin continuous curve gives spectrum
of dipolar BEC at the zero quantum fluctuations. Thick con-
tinuous curve and thick dashed curve show the spectrum of
dipolar BEC under influence of the quantum fluctuations.
C. Equation for evolution of the fourth rank tensor
To understand the approximation given by equations
(3), (4), (8), and (9) we need to consider equations for
the higher rank tensors.
Equation for the quantum-thermal part of the fourth
rank tensor
∂tP
αβγδ
qf + ∂ν(v
νPαβγδqf ) + P
βγδν
qf ∂νv
α + Pαγδνqf ∂νv
β
+Pαβδνqf ∂νv
γ + Pαβγνqf ∂νv
δ =
1
mn
[
Qβγδqf ∂
νTαν
+Qαγδqf ∂
νT βν +Qαβδqf ∂
νT γν +Qαβγqf ∂
νT δν
]
(24)
is also obtained. There is no interaction contribution in
this equation. We have general tendency that equations
for evolution of the even rank tensors have no contri-
bution of interaction. However, equations for evolution
of the odd rank tensors have contribution of interaction.
This interaction has nonzero contribution in the first or-
der by the interaction radius. New interaction constants
appear in each equation. To illustrate the last statement
we present a part of the fifth rank tensor evolution equa-
tion.
The divergence of the quantum-thermal part of the
fifth rank tensor is dropped. Its thermal part has zero
value in the equilibrium state, so it can be used as an
equation of state. The mixed quantum-thermal part
Rαβγδµ is also assumed to be equal to zero. However,
there is Rαβγδµqf caused by the quantum fluctuations of
higher order, but being obtained in the first order by the
interaction radius. For the SRI, the quantum fluctua-
tions is proportional to n∇n, and the the third inter-
action constant g3 ∼
∫
drU (4)(r), where U (4)(r) is the
fourth derivative of the SRI potential. For the DDI we
have that the time derivative of Rαβγδµqf is caused by the
fifth space derivative of the macroscopic potential of DDI
Φd.
So, the evolution each tensor of uneven rank A2n−1qf
gives the contribution of higher order quantum fluctu-
ations via new interaction constant gn ∼
∫
drd
2n−2U(r)
dr2n−2
for the SRI. Its evolution is proportional to the space
derivative of 2n− 1 order of Φd for the DDI.
D. Linearized hydrodynamic equations
The linear approximation of the hydrodynamic equa-
tions (3)-(9) has the following form:
ωδn = n0(kxδv
x + kzδv
z), (25)
ωmn0δv
x − kxδT
xx
qf − kzδT
xz
qf
−
h¯2k2
4m
kxδn = gn0kxδn+ n0kxδΦd, (26)
ωmn0δv
z − kxδT
xz
qf − kzδT
zz
qf
−
h¯2k2
4m
kzδn = gn0kzδn+ n0kzδΦd, (27)
ωδT xxqf = kxδQ
xxx
qf + kzδQ
xxz
qf , (28)
ωδT zzqf = kxδQ
zzx
qf + kzδQ
zzz
qf , (29)
ωδT xzqf = kxδQ
xxz
qf + kzδQ
xzz
qf , (30)
9ωδQxxx =
h¯2
4m3
n0
(
k3xδΦd − 3kxg2δn
)
, (31)
ωδQzzz =
h¯2
4m3
n0
(
k3zδΦd − 3kzg2δn
)
, (32)
ωδQxxz =
h¯2
4m3
n0kz
(
k2xδΦd − g2δn
)
, (33)
ωδQxzz =
h¯2
4m3
n0kx
(
k2zδΦd − g2δn
)
, (34)
where Ixxxx0 = I
zzzz
0 = 3, I
xxzz
0 = 1, I
xzzz
0 = 0.
Linearized potential of dipole-dipole interaction is [35]
δΦd = µ
2(cos2 θ − 1/3)δn. (35)
Equations (25)-(35) are used to obtain spectra (13)-
(14).
E. Signature of the second interaction constant
It is used in the text that for the repulsive interaction
g2 > 0. Fig. (4) demonstrates the simple example of
repulsive potential. It shows that U ′′ > 0, hence g2 > 0.
F. Dimensionless form of dispersion equation
Present the dispersion equation (14) in dimensionless
form for zero dipole contribution
ξ4 − [Gκ2 + 0.25κ4]ξ2 + 3κ4G2 = 0, (36)
where dimensionless wave vector κ = k/n
1/3
0 , dimension-
less frequency ξ = mω/h¯n
2/3
0 , dimensionless interaction
constants g = Gh¯2/mn
1/3
0 , and g2 = G2h¯
2n
1/3
0 /m, or
G = 4pian
1/3
0 .
Consider dimensionless form of equation (14) for dipo-
lar BECs
ξ4 − [Gκ2 +D(cos2 θ − 1/3)κ2 + 0.25κ4]ξ2
− [D(cos2 θ − 1/3)κ2 − 3G2]κ
4 = 0, (37)
where D = mµ2n
1/3
0 /h¯
2.
G. Spectrum: small quantum fluctuation limit
No instability appears if quantum fluctuations are
dominated by the attractive DDI. However, the second
stable low frequency wave solution appears in this regime,
as it is shown by the two lower lines in Fig. (5).
